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1 Introduction 



Much interest has been attracted in last years to the problem of deforma- 
tions of space-time symmetry groups In particular, in 
the recent paper || all inequivalent bialgebra structures on two-dimensional 
Galilei algebra were classified and the corresponding Lie-Poisson structures 
on the group were found. 

From the physical point of view what is really interesting is the central 
extension of the Galilei algebra. This is because only the genuine projec- 
tive representations of the Galilei group are relevant in nonrelativistic quan- 
tum theory M. In the present paper we classify all nonequivalent bialgebra 
Lie-Poisson structures for centrally extended two-dimensional Galilei alge- 
bra/group. In the two-dimensional case there exists two-parameter family 
of central extensions, the parameters being the mass of the particle and the 
constant force acting on it. We restrict ourselves to the case of free particles, 
i.e. only the mass parameter is kept nonvanishing. 

The content of the paper is as follows. First, we find the general form of 1- 
cocycle on centrally extended twodimesional Galilei algebra. Then the action 
of most general automorphism transformation on such 1-cocycle is considered 
and its orbits are classified which allows to find all nonequivalent bialgebra 
structures. The corresponding Lie-Poisson structures on Galilei group are 
then found. The whole procedure follows quite closely the one presented in 
Ref. [10] for E(2) group and in Ref. [8] for two-dimensional Galilei group. As 
a result we find 26 nonequivalent bialgebra structures (some of them being 
still one parameter families), 8 of them being the coboundary ones. 

2 Two-dimensional Galilei group and algebra 
with central extension and their automor- 
phisms 

The two-dimensional Galilei group is a Lie group of transformations of the 
space-time with one space dimensions. An arbitrary group element g is of 
the form 

g = (r,v,a); (1) 
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here r is time translation, a respectively v are space translation respectively 
Galilean boost. The multiplication law reads: 

g'g = (r' + r,v' + v,a' + a + rv'); (2) 

The resulting Lie algebra takes the form: 

[K,H)=iP, [K,P] = 0, [H,P] = (3) 

The central extension is obtained by replacing the second commutation 
rule by 

[K, P] = %M (4) 

where 

[M, • ] = 0. (5) 
Therefore, we arrive finally at the following algebra 

[K,H]=iP, [K,P] = iM, [H,P] = 0, [M,-] = (6) 

Let us define the centrally extended Galilei group by the following global 
expotential parametrization of group elements 

g = e imM e -irH e iaP e ivK ^ 

Let us write 

g = (m,r,v,a) (8) 
Then we have the following multiplication law 

g'g = {m! + m — 7^ v ' 2t ~ av \ t' + t,v' + v, a' + a + rv') (9) 

Lie algebra with central extension can be realized in terms of right - 
invariant fields to be calculated according to the standard rules from the 
composition law (|9|) 

X R '( ® ® + ® ) 
dv dm da 

X? = i#- 
da 

m dm 

X? = -i^ (10) 



Let us now describe all automorphisms of the algebra (0). The group of 
automorphisms consists of the following transformations 
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where : 



and, obviously, a\ ^ 0, 73 7^ 0. 



02 = 73«1 

V2 = 73A (12) 

V4 = 73/?2, 



3 The Bialgebra structures on two-dimen- 
sional centrally extended Galilei algebra 

Our aim here is to give a complete classification of Lie bialgebra structures 
for the algebra @ up to automorphisms. 

Let us remind the definition of bialgebra. It is a pair (L, 5), where L is a 
Lie algebra while 5 is a skewsymmetric cocommutator 5 : L — > L® L, i.e. 

(i) 5 is a 1-cocycle, 

6([X,Y]) = [6(X),1®Y + Y®1] + [1®X + X®1,6(Y)] for X,YeL 

(ii) The dual map 8* : L* <g> L* — > L* defines a Lie bracket on L*. 

We can find all bialgebra structures on our algebra. The general form of 
6 obeying (i) is 
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a, b, c, d, e, f, g, h and j being arbitrary real parameters. 
From the condition (ii) we obtain: 



or 

a = e = f = (14) 

or 

&=c= f=h=0 

Eqs. (|1"3| ) and ( |i4|) define all bialgebra structures on two-dimensional 
Galilei algebra @. However, we are interested in classification of nonequiv- 
alent bialgebra structures. To this end we find the transformation rules for 
the parameters under the automorphisms (|TT|). They read 

b= ± + ^c 
c= -^c 

_ r/ 4,13 

d = j^d - 2^a + "i("3/3i-«ife) + Ap. + J^ h _ rj^ f 

P2V4. P2 fh w P2 m mm P2V4 J 



(15) 



p = 73 p 4- az l? f 4- "3 a 

f= J ~ 

g = ^g- ^%p - ^mf + -^b + f&h - + ^L C + -^a 

ai»74^ aift /?2 ^ 01)74 /32f?4 & ai /32??4 ctir?4 

_ 73 „■ 2173 r _ Q3m f I 7352 „ _i_ Q3/3i k _ Q3r?i „ 1 Q3r?2 

+ a3(a fr ift) c + + #a - -^a_6 - JS-a 
h = A_ A/ + ^-c 

_ _»74 P2 »7473 

_ r?4 /?2r?4 "' 

We are now in position to classify all orbits of automorphism group in the 
space of bialgebra structures. A simple but long and painful analysis leads 
to the complete list of Lie bialgebra structures summarized in Table 1. 
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We have checked explictly that all the above bialgebra structures are 
consistent and inequivalent. It remains to find coboundary structures (listed 
also in Tablel). 

As it is well known a cocommutator 5 given by 

8(X) = i[l®X + X®l,r],reLAL,XeL (16) 
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defines a coboundary Lie bialgebra if and only if r fulfills the modified clas- 
sical Yang-Baxter equation 

[A®1®1 + 1®A®1 + 1®1®A, £(r)] = 0, X e L, (17) 

where £(r) is the Schouten bracket 

€(r) = [ri2, r 13 ] + [r 12 , r 23 ] + [n 3 , r 23 ]; 

here 

r 12 = r y X< ® Aj- ® 1 
r 13 = r y X< <g> 1 (2) X,- 
r 23 = r°'l ® X» ® Aj. 

Let us put 

r = AHAP + CPAK + DHAM + EMAK + FMAP (18) 
Egs. (18) and flTED give now 

<y(p) = -cm ap 

5(H) = EM A P 

5(K) = -AH AM -CM AK + DM AP (19) 
<f(M) = 



By comparying Eqs. (0) and (|I9D we get 

a — b — c— e — f — 

A=-g, C = -h, D = j, E = d 

which serve to identify the coboundary structures in Table 1. 

4 The Lie— Poisson structures on two-dimen- 
sional Galilei group 

In this section we find all Lie-Poisson structures on centrally extended two- 
dimensional Galilei group. Let G be a Lie group , L its Lie algebra and 
{X^ 1 }- the set of right invariant fields on G. As it is well known 

$} = 7] ij (g)X^Xf^ (20) 
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where 

r,(g) = rf^g)X i ® X,, V : G - A 2 L (21) 
provides G with a Poisson-Lie group structure if only if 

(i) rf l X?r? k + r) kl X?rfi + jf l Xfr] ki 

-4 p rf l rf h - ci p r] kl r] pj - c\ p rf l rf = (22) 
(zz) 77(^) = 77(^) + Ad^fa) (23) 

In our case let us define 

rj(m,T,a,v) = X(m,T,a,v)H A P + p(m,T,a,v)H A X 

+i/(to, r, a, u)P A if + «(m, r, a, u)# A M (24) 
+p(m, r, a, u)M Ai( + 7r(m, r, a, v)M A P 

Eq. (H) gives 

v (g'g) = (\ , + \-T / n)HAP+(j/ + l/-l/fl)PAK 

+(k' + k-v'X + a'n)H M+(|i' + p)H A K 

/2 

+(p' + / o+ — p,-v'v)MAK (25) 
+ (tt' + tt - —A + (i/a ; - -g— )A* + (Y r ' - a V + ~ r'p)M A P 

where A' = A(m', r', a', ?/) etc. 

Consequently we obtain the following set of equations determining A, p, 
v, k, p and 7r 

X(m", t", a", v") = X(m',T',a',v') + X(m,T,a,v) — T'/J,(m,T,a,v) 
p{m" , t" , a" , v") = p{m ,r' , a ,v') + p(m,r, a, t>) 

v{m" ,t" ,a" ,v") = u(m' ,r' ,a' ,v') + u(m,T,a,v) — v'p(m,T,a,v) (26) 
K(m" , t" , a" , v") = K(m', r' , a, v') + n{m, r, a, v) — v'X(m, r, a, v) 

+a'p(m, r, a, u) 

p(m" , r" , a" , v") = p{m' ,r' ,a' ,v') + p(m,r,a,v) + -v' 2 p(m,T, a,v) 

—v'u(m, r, a, v) 
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( II II II ll\ I I I I l\ , / \ l-i \ I \ 

7T{m , r , a ,v ) = 7r{m , r , a ,v ) + 7r(m, r, a, v) — -v A(m, r, a, v) 

+t>'/t(m, r, a, u) + (v'a' — -v' 2 T r )p(m, r, a, f ) 
+ («V — a')u(m, r, a, f ) — r'p(m, r, a, 

The strategy to solve Eq. ( |2BD is to find first the form of r] for 1-parameter 
subgroups generated by P, K, H, M and use again Eq. fl26|) together with 
the decomposition 

(to, r, a, u) = (m, 0, 0, 0) * (0, r, 0, 0) * (0, 0, a, 0) * (0, 0, 0, v) (27) 

to determine the form of rj for general group element. Eq. ( p6[) as specialized 
for one-parameter subgroups generated by M, H, P and K read 

X(m", 0, 0, 0) = A(to', 0, 0, 0) + A(m, 0, 0, 0) 
H{m", 0, 0, 0) = ii(m', 0, 0, 0) + p{m, 0, 0, 0) 
z/(m", 0, 0, 0) = z/(m', 0, 0, 0) + u(m, 0, 0, 0) 
k(to", 0, 0, 0) = K{m', 0, 0, 0) + «(m, 0, 0, 0) 
p(m", 0, 0, 0) = p(m, 0, 0, 0) + p(m, 0, 0, 0) 
tt(to", 0, 0, 0) = 7r(m', 0, 0, 0) + tt(to, 0, 0, 0) 
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ac(0, 0, a", 
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tt(0, 0, a", 0) = tt(0, 0, a', 0) + tt(0, 0, a, 0) - aV(0, 0, a, 0) 

A(0, 0, 0, u") = A(0, 0, 0, v 1 ) + A(0, 0, 0, v) 

/i(0, 0, 0, v") = //(0, 0, 0, u') + /x(0, 0, 0, v) 

i/(0, 0, 0, u") = i/(0, 0, 0, v') + i/(0, 0, 0, v) - v'fi{0, 0, 0, v) 

«(0, 0, 0, u") = «(0, 0, 0, ?/) + k(0, 0, 0, u) - v'X{0, 0, 0, u) 

p(0, 0, 0, u") = p(0, 0, 0, i;') + p(0, 0, 0, v) + \v' 2 /j{0, 0, 0, u) - v'v(0, 0, 0, u) 

?r(0, 0, 0, u") = ?r(0, 0, 0, */) + ?r(0, 0, 0, u) - ^' 2 A(0, 0, 0, u) + v'k(0, 0, 0, u) 
The corresponding solutions read 
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7r(0,0,a,0) 


= CqCL — 
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= div 
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and 7r (the resulting expressions were reinserted back to Eq. ( p6|) which pro- 
vided some furhter constraints for parameters): 
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The general form of 77 is given by Eqs. (|2~4| ) and (0). Our next aim is 
to classify nonequivalent rj's. As it is well known rj defines the bialgebra 
structure on L through 

S(x) = Mp u (31) 

Simple calculation gives: 
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5(H) = -biH A P - b±H A M - b 5 M A K - b 6 M A P 
8(P) = -b l H AM + (b A + d 5 )M AP (32) 
5(K) = d x H A P + d 3 P A K + d 4 H A M + d 5 M A K + d 6 M A P 
S(M) = (bx-d 3 )MAP 

By comparying Eqs. (|13|) and ( |32|) we get 

a = —b\, e = d±, j = d§ 

b = -6 4 , / = dg, -(a + f) = h - d 3 (33) 
c = — 65, g = d 4 , h — b = b 4 + (f 5 
d = — 6 6 , /1 = d 5 , 

Eq. (|33|), together with the results of previous section (Table 1) gives 
us all inequivalent Poisson structures on two-dimensional centrally extended 
Galilei group. To this end we write out explicitly the general form of Poisson 
bracket following from Eqs. (|i~0|) , (|2~0D and (|^) 

{/ gj = X(—^- ~ ^^) + k(—— ~ — 

dr da da dr dr dm dm dr 

+fJL ( 01(^1 - a — + t— ) - (— - a— + t—)—} 

\ dr dv dm da dv dm da dr J 

v(—(— a— Vt—) (— a— hT—)—\ (34) 
\ da dv dm da dv dm da da J 

_p ( d/ r d 9 _ a ^9_ + _ ,df_ _ a 9f_ + ^df dg \ 

\ dm dv dm da dv dm da dm J 
/ df dg _ df dg 
dm da da dm 

In particular, the basic Lie-Poisson brackets read: 

{v,t} = -fi = 
{v, a} = v = d$v 

{v, m} = p = b 5 r + d 5 v - ^d 3 v 2 
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{t, a} = X + Tfi = b\T + d\v (35) 
{t, m} = — a/i + /c = &4T — 6ia + d^v — ~^d\v 2 

{a, m} = 7r + af + rp = -jb^r 2 + (h - d 3 )m + b 6 r + (6 4 + d 5 )a 

1 X 

+d e v - -div* + -cL^ 2 
o 2 

Obviously, there are further constraints on parameters following from 
Eq. (|22] ) which haven't been used yet. Instead of solving it we impose 
the Jacobi identities on our Poisson brackets (which is equivalent to solving 
Eq. (^2|)). It appears that the additional constaints are, through Eq. (|33|), 
equivalent to the ones given by Eq. ( |T1| ) which provides a further test of the 
consistency of our results. 

Eqs. (|3"3"D, Q3"5j ) and the classification given in Tabele 1 lead us finally to 
the following classification of nonequivalent Lie-Poisson structures (Table 2) 
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As far as Table 2 is concerned the following remark is in order. Up to 
now we were dealing with dimensionless generators and group parameters. 
In order to take care about proper dimensions we replace our generators by 
dimensionful ones according to the rules: 

H P K M 

H -> — , P^ , K -> — , Af- 



ro ^or Vr 



where ro and vq are arbitrary time and velocity units; the group parameters 
are redefined appropriately. This redefinition has been already taken into 
account in Table 2 



5 Conclusions 

We have classified all inequivalent bialgebra structures on the centrally ex- 
tended two-dimensional Galilei algebra and found the corresponding Lie- 
Poisson structures on the group. The resulting classification appears to 
be quite rich and contains 26 inequivalent cases, eigth of them being the 
coboundary ones. This is in contrast with semisimple well as the 

case of fourdimensional Poincare group where there are only coboundary 
structures. 
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